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Abstract
We present detailed analyses of the 3-body interactions of D-particles from both sides of
11 dimensional supergravity and Matrix theory. In supergravity, we derive a complete
expression for the classical bosonic effective action for D-particles including 2-and 3-body
interaction terms. In Matrix theory, we compute 1-particle irreducible contributions to
the eikonal phase shift in the two-loop approximation. The results precisely agree with the
predictions from supergravity and thus provide a strong support to the discrete light-cone
interpretation of the Matrix-theory conjecture as a possible nonperturbative definition of
M-theory.
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1. Introduction
It has recently been hoped that D-branes [1] provide a keystone towards long-sought
nonperturbative reformulation of string theory. In particular, the point-like D-branes,
namely D-particles, may be the fundamental degrees of freedom from the viewpoint of
the so-called M-theory [2] which has been proposed as the non-perturbative correspondent
of type IIA string theory. In the low-energy approximation, M-theory is expected to be de-
scribed by 11 dimensional supergravity. Since the initial proposal of Matrix theory [3] by
Banks, Fischler, Shenker and Susskind as a possible realization of the above general con-
jecture, an impressive amount of evidence concerning its relation with eleven-dimensional
supergravity has been accumulated.
However, there has also been reported several results (see, e. g. [4][5][6][7]) which
suggest discrepancies between Matrix theory and supergravity. Among such claims, one
of the most serious problems seems to be that of the multi-body interactions [6] of D-
particles. In view of the agreement [8][9] of the finite N two-loop contribution for the two-
body interaction of D-particles with that of supergravity, we should naturally expect that
supergravity should be consistent with Matrix theory for 3-body interactions too, since the
latter are of the same order of magnitude as the two-body interactions, N3 v
6
r14
, with respect
to all the external variables involved, the masses or the N , the relative velocities and
distances between the D-particles. In fact, however, there are important subtleties. The
emergence of correct results is not automatic in Matrix theory which is only formulated in
the light-cone or infinite-momentum frame. If D-particle is interpreted from the viewpoint
of 10 dimensional type IIA string theory, the leading two-body interaction cannot detect
the non-linear nature of gravity. Because of the BPS property, it turns out that the self-
interaction of gravitons does not contribute to the two-body force even in the two-loop
(and higher) approximation. Therefore, the leading 3-body interaction is the first instance
where the self-interaction of gravitons enters. In this sense, the 3-body interaction can be
regarded as a crucial testing ground where we can check whether the theory becomes the
correct non-linear theory as required by Lorentz invariance, since, as is well known, we can
reasonably expect that the consistent Lorentz invariant theories of interacting massless
spin two particles necessarily include the Einstein gravity at least in the low-energy regime.
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From the viewpoint of 11D supergravity, on the other hand, the leading 2-body in-
teraction itself involves the self-interaction of gravitons, since a D-particle is assumed to
be nothing but a particular Kaluza-Klein mode of eleven-dimensional massless graviton.
The Lorentz invariance would therefore require that the self-interaction of gravitons in
non Kaluza-Klein modes should be correctly reproduced as well. In other words, the
agreement of the 3-body interaction between supergravity and Matrix theory would pro-
vide strong evidence for the Lorentz invariance of Matrix theory from both the 10 and 11
dimensional standpoints.
Motivated by these considerations, we decided to carry out a detailed investigation of
the 3-body interactions of D-particles from the viewpoints of both 11D supergravity and
the discrete light-cone formulation of Matrix theory. The present paper is the first report
of our work in this direction. Contrary to the previous claim in [6], the exact agreement
between supergravity and Matrix theory is found.
In section 2, we present an analysis of the interactions of D-particles in 11D super-
gravity in the classical approximation. The goal is to derive the effective action, based
on which we can compute the scattering phase shift of D-particles in the eikonal ap-
proximation. In section 3, the computation of the scattering phase shift in the two-loop
approximation in Matrix theory is carried out. We present a complete closed formula
for 1-particle irreducible contributions to the phase shift. The result is an extension of
the previous results reported in ref. [8][9] for two-body interactions. In section 4, the
comparison between supergravity and Matrix theory is made by explicitly computing the
eikonal phase shift using the effective action obtained in section 2. Finally, in section 5,
we conclude with some remarks. Some of detailed formulas are presented in Appendices.
2. D-Particle effective action in supergravity
2.1 Gravitational fields of D-particles
We first present a detailed derivation of the effective action for D-particle interactions
from the viewpoint of eleven dimensional supergravity. A D-particle (more precisely the
transverse-scalar part of a graviton wave packet) which is at rest in the 9 dimensional
transverse space is then interpreted as a “pencil of gravitational wave” in 11 dimensional
3
space-time whose trajectory is given by x+ = 0 with N units of the Kaluza-Klein momen-
tum p− = N/R in the null 11th direction x
− which is compactified to a circle of radius
R. We can effectively represent the D-particle as a singular exact solution of supergravity
corresponding to a gravitational shock wave. Upon the reduction to 10 dimensions, it
coincides with the exact (but singular at the origin) BPS solution of 10 dimensional type
IIA supergravity, with correct coupling with the dilaton and the 1-form R-R gauge field.
Since our aim is the comparison with two-loop calculations in Matrix theory which cor-
responds to the tree contribution in supergravity, it is sufficient to treat only the purely
metric part of supergravity. In this approximation, we can neglect the gravitinos and the
3-form field.
Therefore, we can start from the standard Einstein action in eleven dimensions
S = Sg + SD, (2.1)
Sg =
1
2κ211
∫
d11x
√−gR (2.2)
by adding the auxiliary action SD which takes into account singular (i.e., δ-function)
nature of the D-particle solutions. The basic equation is therefore the Einstein equation
in 11 dimensional space-time.
Gµλ ≡ Rµλ − 1
2
gµλR = κ
2
11Tµλ. (2.3)
We use the same convention as ref [9] for the Newton constant κ2 = 16π5/M9 with M
being the 11 dimensional Planck mass. The energy-momentum tensor for a D-particle
can be assumed to be
T µλ(x) = K
∫
ds λ(s)
dxµ(s)
ds
dxλ(s)
ds
1√
−g(x(s))
δ(x− x(s)) (2.4)
corresponding to the action for a massless point particle
Sp =
K
2
∫
ds λ(s) gµλ(x(s))
dxµ(s)
ds
dxλ(s)
ds
(2.5)
where λ(s) is the Lagrange multiplier imposing the massless constraint
gµλ(x(s))
dxµ(s)
ds
dxλ(s)
ds
= 0 (2.6)
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and K is an arbitrary constant. The trajectory must obey the geodesic equation,
d2xµ
dτ 2
+ Γµαβ
dxα
dτ
dxβ
dτ
= 0 (2.7)
with dτ = ds
λ(s)
, corresponding to the conservation of the energy-momentum tensor
DµT
µλ = 0 (2.8)
which is required by the Bianchi identity for the Einstein tensor DµG
µν ≡ 0. Since a
D-particle is assumed to have a definite (constant) light-like momentum p− = N/R in the
x− direction, it is appropriate, following ref. [9], to perform the Legendre transformation
Sp → Sp −
∫
ds p−
dx−
ds
, (2.9)
p− = Kλ(s)gµ−
dxµ
ds
. (2.10)
The conventions for the light-like components are x± = x11 ± t, A · B = 1
2
(A+B− +
A−B+) + AiBi, 2A− = A
+, 2A+ = A
−. Throughout the present paper, our choice of the
time coordinate for D-particles is τ = x+/2.
The exact solution corresponding to a D-particle with zero-transverse velocity is given
by [10]
gµν = ηµν + hµν (2.11)
hµν =
15
(2π)4
κ211p−δ(x
−)
sµsν
r7
(2.12)
T µν = p−δ(x
−)δ9(x⊥)s
µsν (2.13)
where sµ is the velocity vector sµ = dx
µ
dτ
of the trajectory
(s+, s−, s⊥) = 2(1, 0, 0) (2.14)
and r is the transverse distance from the D-particle source. The exact nature of the
solution comes from the properties that only non-vanishing component of the field hµν
is h−− and ∂+h−− = 0. Then we can check that the Einstein equation reduces to the
linearized Laplace equation
− 1
2
△hµλ = κ211Tµλ (2.15)
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where △ is the Laplacian in the transverse space whose inverse is given as
〈x|△−1|y〉 = − 15
2(2π)4|x− y|7 . (2.16)
Note that both the trace and the divergence of the field (2.12) vanish. The longitudinal
momentum is related to the constant K by
p− = Kg+−
dx+
dτ
= K. (2.17)
The BPS property explained by the linearized Laplace equation corresponds to the well
known fact that there is no force acting between parallel light pencils in General Relativity.
Because of this property, we can take an average over the compactified null direction x−
of circumference 2πR to represent the state of definite p− momentum classically. The
energy momentum tensor and the gravitational field then take the forms
T µν =
N
2πR2
δ9(x⊥)s
µsν , (2.18)
hµν =
15
(2π)4
κ211
N
2πR2
sµsν
r7
. (2.19)
The equation of the energy-momentum conservation coincides with the ordinary flat space
condition
∂µT
µν = 0. (2.20)
It should also be noted that the gravitational field (2.19) satisfies hµνs
µ = 0 which en-
sures that the self-gravitating effect vanishes for D-particles. This is important for the
consistency of the interpretation of the D-particle as a singular limit of the gravitational
wave packet in 11 dimensions.
Generalization to D-particles with non-zero velocities in the transverse direction is
obvious : The velocity vector (2.14) is replaced by
(s+, s−, si) = (2,−1
2
v2, vi) (2.21)
with vi ≡ dxidτ and the transverse distance is now
r = |xi − xi(τ)|2 (2.22)
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with xi(τ) being the trajectory of the D-particle with respect to the transverse coordinates,
xi(τ) = xi(0)+viτ . Besides these two changes, the transverse δ function in the expression
(2.18) must be replaced by δ9(xi−xi(τ)) which will be denoted by using the same notation
δ(x⊥) below as in the case of zero-velocity.
Let us now consider the system of many D-particles in which their relative transverse
velocities are not zero. In this case, simple superposition of the above solutions does
not give exact solutions. However, we can solve the field equations and the equations of
motion successively by making the expansion with respect to the gravitational constant
κ211, or equivalently to the linearized gravitational field, and derive the effective action
for the system of many D-particles by expressing the gravitational field in terms of the
D-particle coordinates. Note that, because of the Legendre transformation, the action SD
for D-particle sources is now
SD = −
∑
a
∫
dτ pa−
dx−a
dτ
(2.23)
Note that the original particle action Sp vanishes owing to the massless constraint (2.6).
The index a labels D-particles in the system and pa− = Na/R.
2.2 The second order solution of the Einstein equation
Our task is now to solve the Einstein equation (2.3) and the D-particle equations of
motion (2.7) with the massless constraint (2.6) to the next order beyond the linearized
approximation.
Let us begin by collecting some relevant formulas. The Einstein tensor to the second
order with respect to hµλ is given as
Gµλ = G
(1)
µλ + G
(2)
µλ , (2.24)
G
(1)
µλ =
1
2
(−∂2hµλ − ∂µ∂λhνν + ∂ν∂λhνµ + ∂µ∂νhνλ)
−1
2
ηµλ(−∂2hνν + ∂α∂βhαβ), (2.25)
G
(2)
µλ = −
1
2
hνκ(∂
ν∂λh
κ
µ + ∂µ∂
κhνλ − ∂ν∂κhµλ − ∂µ∂λhνκ)
7
−1
2
(∂µhαλ + ∂λhαµ)∂νh
αν
+
1
2
∂αhµλ∂νh
να +
1
2
∂νhαλ∂
νhαµ −
1
2
∂αh
ν
λ∂νh
α
µ
+
1
4
∂λhαν∂µh
αν +
1
4
(∂µh
α
λ + ∂λh
α
µ − ∂αhµλ)∂αhνν
−1
2
hµλ(−∂2hνν + ∂α∂βhαβ)−
1
2
ηµλR
(2) (2.26)
where
R(2) = hαβ(∂2hαβ + ∂α∂βh
ν
ν − 2∂γ∂αhγβ)
+
3
4
∂βh
γ
α∂
βhαγ −
1
4
∂αh
µ
µ∂
αhνν − ∂βhβα∂γhαγ −
1
2
∂αh
γ
β∂γh
αβ (2.27)
is the O(h2) part of the scalar curvature. Here and in what follows, the Lorentz indices
are contracted with respect to the flat space metric ηµν , unless otherwise specified. Note
that, with this convention, the Einstein equation is
G
(1)
µλ +G
(2)
µλ = κ
2
11(Tµλ + T
ν
λhµν + T
ν
µhλν). (2.28)
The last two terms in the parenthesis of the right hand side arose due to the lowering of
the tensor indices from the original definition of the energy-momentum tensor (2.4). The
conservation law of the energy-momentum tensor which is necessary for the consistency
of the Einstein equation is
∂µT
µ
λ + (∂µhλκ −
1
2
∂λhµκ)T
µκ = 0 (2.29)
to this order. This is equivalent to the equation of motion for the D-particle
d2
dτ 2
xα +
dhαν
dτ
dxν
dτ
=
1
2
∂αhµν
dxµ
dτ
dxν
dτ
. (2.30)
It is easy to show that (2.29) is a consequence of the equation of motion (2.30). The
converse is also true due to a general theorem given in [11].
Now, for the source action of the D-particles, solving the massless constraint to the
second order of the gravitational field, we find
SD =
∑
a
Na
R
∫
dτ
[1
2
(dxia
dτ
)2
+
1
2
hµνs
µ
as
ν
a(1− h−λsλa)
]
. (2.31)
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On the other hand, the structure of the pure gravity action is symbolically of the form
Sg =
1
2κ211
∫
d11x
(1
4
hDh+ 1
3
V3hhh
)
(2.32)
to the cubic order where D and V3 denote the differential kinetic operator and the 3-point
vertex, respectively. In this notation, the Einstein equation is
(
−1
2
Dh− V3hh
)µν
= κ211T
µν . (2.33)
Since our purpose is to derive the effective action for D-particles, we can use the field
equation (2.33) inside the action (2.32) and obtain
Sg =
1
2κ211
∫
d11x
( 1
12
hDh− 1
3
κ211hT
)
. (2.34)
We denote the energy-momentum tensor and the gravitational field in the linearized
approximation using different notations as ζµλ and τµλ, respectively. Thus
ζµλ =
∑
a
15
(2π)4
κ211
Na
2πR2
saµsaλ
r7a
, (2.35)
τµλ =
∑
a
Na
2πR2
δ9(xa⊥)saµsaλ (2.36)
which satisfy
− 1
2
∂2ζµλ = −1
2
△ζµλ = κ211τµλ (2.37)
and ∂µζ
µλ = ζµµ = 0. The κ
4
11 term of the gravitational field is denoted by χµλ :
hµλ = ζµλ + χµλ. (2.38)
We have to compute the total action up to the order κ411 so that the gravitational field
is of the same order. In order to ensure the consistency of the field equation to this order,
the conservation equation (2.29) demands
∂µT
µ
λ + (∂µζλκ −
1
2
∂λζµκ)τ
µκ = 0 (2.39)
which requires that each trajectory xµa(τ) of D-particles inside the energy-momentum
tensor τµλ must be deformed to xµa + δx
µ
a such that the geodesic equations are satisfied.
This is nothing but the recoil effect caused by 2-body force. Therefore this effect can be
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neglected for obtaining the genuine 3-body forces. We thus arrive at the equation which
determines the second order term χµλ of the gravitational field hµλ in terms of the field
ζµλ of the linear approximation :
G
(1)
µλ(χ) +G
(2)
µλ (ζ) = κ
2
11
[
τ νλ ζµν + τ
ν
µζλν + (recoil)µλ
]
(2.40)
where the χ and ζ in the left hand side mean that the gravitational field h is now χ
or ζ , respectively, and (recoil)µλ collectively represents the recoil effect which can be
effectively treated as zero in obtaining the effective multi-body forces for D-particles. For
the purpose of comparison with Matrix theory calculation in the next section where the
recoil effect is completely neglected, this is sufficient. However, it should be kept in mind
that taking into account the recoil effect is important for full computation of the action
of D-particles.
Then by substituting hµν = ζµν + χµν in (2.34) and using (Dζ)µν = −2κ211τµν , the
gravitational action to the order κ411 is given by
Sg = −
∫
d11x (
1
4
ζµντ
µν +
1
3
χµντ
µν). (2.41)
This shows that, since the lowest energy-momentum tensor τµλ is traceless, we can safely
neglect the trace part of the second order gravitational field χµν within our approximation.
Taking into account all these properties, we can write down the equation for the second
order gravitational field χ
1
2
∂2χµλ = −1
2
ζνκ(∂
ν∂λζ
κ
µ + ∂µ∂
κζνλ − ∂ν∂κζµλ − ∂µ∂λζνκ)
−1
2
∂αζνλ∂
νζαµ +
1
4
∂λζαν∂µζ
αν
+
1
2
∂νζαλ∂
νζαµ − κ211(τ νλ ζµν + τ νµζλν)
+(tracepart)µλ + (recoil)µλ (2.42)
where the term (tracepart)µλ, denoting the part proportional to ηµλ, does not contribute
to the effective action, and the term (recoil)µλ can be neglected for our purpose. Here we
have used the fact that the linearized field ζµν has no divergence and trace, and, for χµν ,
have chosen the standard de Donder gauge ∂µψµν ≡ ∂µ(χµν − 12ηµνχαα) = 0 which leads to
G(1)µν (χ) = −12∂2ψµν . This gauge choice is possible, since we have ensured the consistency
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of the Einstein equation in the successive approximation in the expansion with respect to
κ211. Note that the divergence of the field equation (2.40) leads to the condition on the
energy-momentum tensor which is equivalent with the conservation law and hence with
the equation of motion. What we have shown above is that an apparent inconsistency
which appears if one retains only the terms form the first to the third lines in the equation
(2.42) can be attributed to the recoil effect.
Since the trace part does not contribute to the effective action, we can actually neglect
the difference between the χµν and ψµν = χµν − 12ηµνχαα. In what follows, for simplicity
of the notation, we will always suppress those terms which do not contribute to the final
effective action.
Since the field ζµν is independent of x
−, the equation (2.42) can be inverted using
the Laplacian in the transverse space. We call the contributions from the first and the
second lines in the right hand side the Y-contribution, and those from the third line the
Vg-contribution. Substituting the explicit forms for the linearized fields (2.35) and (2.36),
we find that the Y-contribution at the transverse position xa can be written as
χYµλ(xa) = −
∑
b,c
(15)3NbNc
4(2π)4R4M18
[
−1
2
(sb · sc)(sb · ∂˜c)(scµ∂˜cλ + scλ∂˜cµ)
+
1
2
(sb · ∂˜c)2scµscλ + 1
2
(sb · sc)2∂˜cµ∂˜cλ
−1
2
(sb · ∂˜c)(sc · ∂˜b)sbλscµ + 1
4
(sb · sc)2∂˜bλ∂˜cµ
]
∆(a, b, c) (2.43)
where
∆(a, b, c) ≡
∫
d9y
1
|xa − y|7|xb − y|7|xc − y|7
=
64(2π)3
(15)3
∫ ∞
0
d3σ(σ1σ2+ σ2σ3+ σ3σ1)
3/2 exp(−σ1|xa−xb|2−σ2|xb−xc|2−σ3|xc−xa|2)
(2.44)
with d3σ = dσ1dσ2dσ3 and the notation ∂˜ is defined by ∂˜µ = (∂+, 0,−∂i).
For the Vg-contribution, we use the equality
△−1∂νζαµ∂νζαλ =
1
2
ζαλζ
α
µ + κ
2
11△−1(ταλζαµ + ζαλταµ ) (2.45)
for the first term in the third line and, after summing up all terms, obtain
χ
Vg
µλ(xa) =
∑
b,c
(15)2NbNc
8R4M18
(sb · sc)sbλscµ
( 1
r7ab
1
r7ac
+
1
r7ab
1
r7bc
+
1
r7ac
1
r7bc
)
(2.46)
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where rbc is the transverse distance between the D-particles : rbc = |xb − xc|.
2.3 The effective action of D-particles
We can now derive the effective action. The contribution from the pure gravity part (2.41)
is
Sg = −1
4
∑
a
Na
R
∫
dτ ζaµλs
µ
as
λ
a −
1
3
∑
a
Na
R
∫
dτ χaµλs
µ
as
λ
a. (2.47)
The source part (2.31) gives
SD =
∑
a
Na
R
∫
dτ
[1
2
(dxia
dτ
)2
+
1
2
ζaµνs
µ
as
ν
a +
1
2
χaµνs
µ
as
ν
a −
1
2
ζaµνζa−λs
µ
as
ν
as
λ
a
]
. (2.48)
Thus the total effective action is
Seff =
∑
a
∫
dτ
Na
R
[1
2
(dxia
dτ
)2
+
1
4
ζaµνs
µ
as
ν
a +
1
6
χaµνs
µ
as
ν
a −
1
2
ζaµνζa−λs
µ
as
ν
as
λ
a
]
. (2.49)
The second term gives the familiar 2-body lagrangian
L2 =
∑
a<b
15NaNb
16R3M9
v4ab
r7ab
. (2.50)
We have used the relation sa · sb = −12(va − vb)2 ≡ −12v2ab with va = dxadτ . The third and
the fourth terms contain the 3-body force. Using (2.43) and (2.46), we express the 3-body
term as a sum of two terms
L3 = LV + LY (2.51)
Note that the V-type contribution consists of two parts corresponding to the contribution
of (2.46) and the last term of (2.49)
LV =
∑
a,b,c
(15)2NaNbNc
48R5M18
(sb · sc)(sa · sb)(sa · sc)
( 1
r7ab
1
r7ac
+
1
r7ab
1
r7bc
+
1
r7ac
1
r7bc
)
−∑
a,b,c
(15)2NaNbNc
8R5M18
(sb · sa)2(sc · sa) 1
r7ab
1
r7ca
. (2.52)
In terms of the relative velocities, the sum of two terms is rewritten as
LV = −
∑
a,b,c
(15)2NaNbNc
64R5M18
v2abv
2
ca(vca · vab)
1
r7ab
1
r7ca
. (2.53)
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The Y contribution is
LY = −
∑
a,b,c
(15)3NaNbNc
24(2π)4R5M18
[
−(sb · sc)(sc · sa)(sb · ∂˜c)(sa · ∂˜c)
+
1
2
(sc · sa)2(sb · ∂˜c)2 + 1
2
(sb · sc)2(sa · ∂˜c)2
−1
2
(sb · sa)(sa · sc)(sb · ∂˜c)(sc · ∂˜b)
+
1
4
(sb · sc)2(sa · ∂˜b)(sa · ∂˜c)
]
∆(a, b, c). (2.54)
Using sa · ∂˜c = ∂∂τc − va · ∇c = vca · ∇c which is valid because the second derivatives with
respect to time can be neglected in the present approximation, we can rewrite this as
LY = −
∑
a,b,c
(15)3NaNbNc
96(2π)4R5M18
[
−v2bcv2ca(vcb · ∇c)(vca · ∇c)
+
1
2
v4ca(vcb · ∇c)2 +
1
2
v4bc(vca · ∇c)2
−1
2
v2bav
2
ac(vcb · ∇c)(vbc · ∇b)
+
1
4
v4bc(vba · ∇b)(vca · ∇c)
]
∆(a, b, c). (2.55)
The results (2.53) and (2.55) are our final form of the 3-body interaction Lagrangian of
D-particles.
Before proceeding to the investigation of the corresponding matrix model results, it
is appropriate here to make some comments on the properties of the above effective
Lagrangian.
First, the Y-type interaction (2.55) vanishes when any pair of two D-particles are
parallel with vanishing relative velocities. Furthermore, only remaining V-type interaction
for such cases is
2
(15)2NaNbNc
64R5M18
v6ab
1
r7ab
1
r7ca
(2.56)
where the parallel particles are b and c. This is just as expected from the BPS property of
the D-particles, since the gravitational fields produced by parallel D-particles are exactly
the superposition of the linearized fields produced by them.
Secondly, it is remarkable that the kinematical factor of the V-type contributions is
reduced to the special combination
v2abv
2
ca(vca · vab) =
1
2
v2abv
2
ca(v
2
bc − v2ca − v2ab).
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From the viewpoint of Matrix theory, this form with the given r dependence is just the
typical kinematical factor which arises from a 6-point two-loop diagram of ‘∞’ type in
the ‘quasi-static’ approximation (see, e.g. [12]), with one 4-point vertex Tr[A, Y ]2 and
three external lines in each loop, entering through the 2-point vertices Tr(A[B˙, Y ]), where
A and Y are the off-diagonal parts of the gauge field and Higgs fields, respectively. The
B˙ is the time derivative of the diagonal background B of the Higgs field, corresponding
to the velocity of D-particles. This suggests that Matrix theory can be consistent with
supergravity, contrary to the claim of ref. [6]. Then the question is whether the other
possible types of kinematical factors are canceled and whether the coefficients and also
the Y-type contribution come out correctly. In the next section, we will confirm this
expectation by carrying out a complete calculation of the two-loop diagrams without
relying upon the quasi-static approximation.
Thirdly, it should be noted that in the derivation of the 2-body interaction in ref. [9]
only the action for the probe D-particle is taken into account. In contrast with this, in
our derivation, the pure gravity action is included. We emphasize that, for the derivation
of the effective action for general configurations of D-particles in which all the D-particles
are treated democratically as in our formulation, it is essential to include the pure gravity
action. In the system of two D-particles, we can always take the Galilei frame such that
one of them (source) is at rest in the transverse space. In this case, the total action
excluding the 3(and higher)-body interactions can be reduced to the single particle action
for the probe since the pure gravity action just cancels the action of the source.
Finally, in our derivation of the effective action we have represented D-particles as the
singular solution of the Einstein equation. Correspondingly, we have introduced the source
action for D-particles. However, D-particles are supposed to be the special states of the 11
dimensional graviton super multiplet. In this sense, the point-like source variables in the
lowest energy-momentum tensor τµν should be interpreted as the collective coordinate of
the background gravitational field. From this viewpoint, a conceptually more satisfactory
treatment would be to introduce some non-singular D-particle background with finite
extension for the metric and take the point-like limit afterwards. In the present paper,
however, we do not elaborate along this line since we expect that both treatments lead to
the same results. For examples of such treatments in the case of a test point particle in
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General Relativity, see ref. [13] and references therein.
3. Multi-body D-particle scattering in Matrix theory
Let us now discuss the multi-body scattering of D-particles or Kaluza-Klein gravitons in
Matrix theory up to the two-loop approximation. To make the present paper reasonably
self-contained, we start from summarizing some basic facts and formulas of Matrix theory.
3.1 The setup
Matrix theory is defined by the action of the supersymmetric Yang-Mills theory dimen-
sionally reduced from 9+1 dimensions to 0+1 dimension
S =
∫
dt
[
κ
2
trDtX
nDtX
n +
κ
4
g2tr[Xn, Xm][Xn, Xm]
+
κ
2
tr(iθTDtθ + gθ
Tγn[Xn, θ])
]
, (3.1)
where g is the Yang-Mills coupling constant and n,m = 1, 2, · · · , 9 stand for transverse
dimensions. The covariant derivative is defined by
DtX
n = ∂tX
n − ig[A,Xn], Dtθ = ∂tθ − ig[A, θ]. (3.2)
γn are SO(9) gamma matrices in Majorana representation. We take γn to be real and
symmetric matrices satisfying {γn, γm} = 2δnm and θ to be real. Xn, A and θ are
hermitian U(N) matrices. For the Grassmann matrix θ, the reality condition is defined by
the Majorana condition. The parameters κ and g are related to the M-theory parameters
as κ = 1/R, g = M3R.
We will perform our computations in Euclidean formulation, defining the Euclidean
time τ and gauge field in Euclidean time A˜ as
τ = it, A˜ = −iA. (3.3)
The time variable τ of the previous section should be identified with t. The Euclidean
action is then defined by
SE =
∫
dτ
[
κ
2
trDτX
nDτX
n − κ
4
g2tr[Xn, Xm][Xn, Xm]
+
κ
2
tr(θTDτθ − gθTγn[Xn, θ])
]
, (3.4)
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where the definition of the covariant derivative has changed to
DτX
n = ∂τX
n − ig[A˜, Xn], Dτθ = ∂τθ − ig[A˜, θ]. (3.5)
We expand the action around the classical background field Bn as
Xn =
1
g
Bn + Y n. (3.6)
We choose the background configuration to be the straight-line trajectories of N D-
particles
Bnij = δij(x
n
i + v˜
n
i τ) (3.7)
where i, j are U(N) indices. Note that the background matrices are actually assumed to
consist of several block submatrices which are proportional to the unit matrices and that
the order Na (a = 1, 2, . . .)(N =
∑
aNa) of each block determines the mass Na/R of the
corresponding D-particle. Note also that we have rescaled the background coordinates
at time τ = 0 and velocities by x → 1
g
x, v → i
g
v˜. Throughout the present section, the
following abbreviations will be used:
rni (τ) = x
n
i + v˜
n
i τ,
rnij(τ) = r
n
i (τ)− rnj (τ), rij(τ)2 = rnij(τ)rnij(τ), rij(τ) =
√
rij(τ)2, r/ij(τ) = γ
nrnij(τ),
xnij = x
n
i − xnj , x2ij = xnijxnij , xij =
√
x2ij , x/ij = γ
nxnij ,
v˜nij = v˜
n
i − v˜nj , v˜2ij = v˜nij v˜nij , v˜ij =
√
v˜2ij , v˜/ij = γ
nv˜nij, xij · v˜ij = xnij v˜nij . (3.8)
We use the standard background field gauge condition
−∂τ A˜+ i[Bn, Y n] = 0, (3.9)
with the gauge-fixed action
S˜ =
∫
dτ [
κ
g2
tr
1
2
∂τB
n∂τB
n
+κtr (
1
2
∂τY
n∂τY
n − 1
2
[Bm, Y n][Bm, Y n] +
1
2
∂τ A˜∂τ A˜− 1
2
[Bm, A˜][Bm, A˜]
−2i∂τBn[A˜, Y n]− c¯∂2τ c + c¯[Bm, [Bm, c]] +
1
2
θT∂τθ − 1
2
θTγn[Bn, θ])
16
+gκ tr (−i∂τY n[A˜, Y n]− [Bn, Y m][Y n, Y m]− [Bn, A˜][Y n, A˜]
−i∂τ c¯[A˜, c]− [Bn, c¯][Y n, c]− i
2
θT [A˜, θ]− 1
2
θTγn[Y n, θ])
+g2κtr (−1
4
[Y n, Y m][Y n, Y m] −1
2
[A˜, Y m][A˜, Y m])
]
. (3.10)
Now from the quadratic part of the action
S˜(2) =
∫
dτ [
κ
2
(∂τY
n
ij ∂τY
n
ji + rij(τ)
2Y nijY
n
ji) +
κ
2
(∂τ A˜ij∂τ A˜ji + rij(τ)
2A˜ijA˜ji)
−2iκv˜nijA˜ijY nji + κ(−c¯ij∂2τ cji + rij(τ)2c¯ijcji)
+
κ
2
(θTij∂τθji + θ
T
ijr/ij(τ)θji) ] , (3.11)
we derive the propagators in proper-time representations.
Propagators of the bosonic fields:
〈Y nij (τ1)Y mkl (τ2)〉0 =
δilδjk
κ
∫ ∞
0
dσ
(
δnm + 2V nij (σ)V
m
ij (σ)
)
∆ij(σ, τ1, τ2), (3.12)
〈A˜ij(τ1)A˜kl(τ2)〉0 = δilδjk
κ
∫ ∞
0
dσ
(
1 + 2Vij(σ)
2
)
∆ij(σ, τ1, τ2), (3.13)
〈Y nij (τ1)A˜kl(τ2)〉0 =
2iδilδjk
κ
∫ ∞
0
dσ V nij (σ)Cij(σ)∆ij(σ, τ1, τ2), (3.14)
〈A˜ij(τ1)Y mkl (τ2)〉0 = −
2iδilδjk
κ
∫ ∞
0
dσ V mij (σ)Cij(σ)∆ij(σ, τ1, τ2), (3.15)
〈c¯ij(τ1)ckl(τ2)〉0 = δilδjk
κ
∫ ∞
0
dσ ∆ij(σ, τ1, τ2), (3.16)
〈cij(τ1)c¯kl(τ2)〉0 = −δilδjk
κ
∫ ∞
0
dσ ∆ij(σ, τ1, τ2). (3.17)
Propagators of the fermionic fields:
〈θαij(τ1)θβkl(τ2)〉0
=
δilδjk
κ
∫ ∞
0
dσ [− (1Cij(σ)∂τ1 + r/ij(τ1)V/ij(σ))− (V/ij(σ)∂τ1 + Cij(σ)r/ij(τ1))]αβ
×∆ij(σ, τ1, τ2), (3.18)
or
〈θβkl(τ2)θαij(τ1)〉0
=
δilδjk
κ
∫ ∞
0
dσ [− (1Cij(σ)∂τ2 + r/ij(τ2)V/ij(σ)) + (V/ij(σ)∂τ2 + Cij(σ)r/ij(τ2))]βα
×∆ij(σ, τ1, τ2). (3.19)
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Here we have defined
∆ij(σ, τ1, τ2) ≡ exp
[
−σ(−∂2τ1 + r2(τ1))
]
δ(τ1 − τ2)
=
√
v˜ij
2π sinh(2σv˜ij)
exp
[
− v˜ij
2 sinh(2σv˜ij)
(
(τ 21 + τ
2
2 ) cosh(2σv˜ij)− 2τ1τ2
)
−xij · v˜ij tanh(σv˜ij)
v˜ij
(
τ1 + τ2 +
xij · v˜ij
v˜2ij
)
− σ
(
x2ij −
(xij · v˜ij)2
v˜2ij
)]
=
√
v˜ij
2π sinh(2σv˜ij)
exp
[
−v˜ij
(
τ1 − τ2
2
)2
coth(σv˜ij)
−v˜ij
(
τ1 + τ2
2
+
xij · v˜ij
v˜2ij
)2
tanh(σv˜ij)− σ
(
x2ij −
(xij · v˜ij)2
v˜2ij
) , (3.20)
V nij (σ) ≡
v˜nij
v˜ij
sinh(σv˜ij), (3.21)
Cij(σ) ≡ cosh(σv˜ij), (3.22)
Vij(σ)
2 ≡ Vij(σ) · Vij(σ) = V nij (σ)V nij (σ) = sinh2(σv˜ij), (3.23)
Vij(σ) ≡
√
Vij(σ) · Vij(σ) =
√
V nij (σ)V
n
ij (σ) = sinh(σv˜ij). (3.24)
3.2 The calculations of the effective action
We now present the complete form of the effective action Γ˜ around the background con-
figuration in the two-loop approximation
Γ˜ = Γ˜(0) + Γ˜(1) + Γ˜(2) +O(g
4) (3.25)
where Γ˜(ℓ) stands for the ℓ-loop contribution.
We note that the effective action from the viewpoint of the Yang-Mills field theory
is nothing but the one-particle irreducible contribution to the eikonal phase shift of D-
particle, since the results contains the time integration of the genuine light-cone lagrangian
for straight line trajectories. First, the classical action Γ˜(0) is
Γ˜(0) =
∫ ∞
−∞
dτ
κ
g2
tr
1
2
∂τB
n∂τB
n =
∫ ∞
−∞
dτ
1
Rg2
∑
i
1
2
v˜2i =
∫ ∞
−∞
dτ
∑
a
Na
Rg2
v˜2a (3.26)
where in the last equality, we switched from the summation over the U(N) indices to the
block indices specifying the system of coincident D-particles.
18
The one-loop contribution is obtained from the functional determinant as
exp[−Γ˜(1)] =
∫
DY nDA˜Dc¯DcDθ e−S˜(2)
=
∏
i<j
det−6(−∂2τ + rij(τ)2)det−1(−∂2τ + rij(τ)2 + 2v˜ij)det−1(−∂2τ + rij(τ)2 − 2v˜ij)
×det4(−∂2τ + rij(τ)2 + v˜ij)det4(−∂2τ + rij(τ)2 − v˜ij). (3.27)
Γ˜(1) is expressed in the proper-time representation as
Γ˜(1) = −
∑
i<j
∫ ∞
−∞
dτ
∫ ∞
0
dσ
σ
16 sinh4
σv˜ij
2
∆ij(σ, τ, τ) (3.28)
= −∑
i<j
∫ ∞
0
dσ
σ
16 sinh4
σv˜ij
2
1
2 sinh(σv˜ij)
exp
[
−σ
(
x2ij −
(xij · v˜ij)2
v˜2ij
)]
.
(3.29)
Note that we have slightly generalized the well-known result of the 2-body scattering
because we cannot, in general, assume vanishing of xij · v˜ij in multi-body scattering. The
leading contribution of the one-loop effective action Γ˜(1) is
Γ˜(1) leading = −
∑
i<j
∫ ∞
−∞
dτ
∫ ∞
0
dσ
σ
σ4v˜4ij√
4πσ
exp[−σ(v˜ijτ + xij)2]
= −
∫ ∞
−∞
dτ
∑
i<j
15
16
v˜4ij
[(v˜ijτ + xij)2]7/2
, (3.30)
where we used the proper-time representation
1
[(v˜τ + x)2]7/2
=
8
15
√
π
∫ ∞
0
dσ
σ3√
σ
exp[−σ(v˜τ + x)2]. (3.31)
Since the one-loop contribution has been studied in many works, no further discussion is
needed here.
Two loop calculations have been performed in ref. [8] [9]. In what follows, we will
report an extension of their results in order to make possible the comparison of the 3-body
interaction of D-particles with the results of the preceding section. To obtain the two-loop
contribution Γ˜(2) to the effective action, we have to evaluate all one-particle irreducible
(1PI) diagrams. Since the nonplanar 1PI diagrams at two-loop order have only one
index loop and hence do not contribute to D-particle interactions, we can restrict our
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consideration to planar diagrams. There are fourteen different contributions depending
on the combinations of the propagating fields:
−Γ˜(2)
=
1
4
g2κ
∫
dτ〈tr[Y n(τ), Y m(τ)][Y n(τ), Y m(τ)]〉1PI,planar
+
1
2
g2κ
∫
dτ〈tr[A˜(τ), Y m(τ)][A˜(τ), Y m(τ)]〉1PI,planar
−1
2
g2κ2
∫
dτ1dτ2〈tr∂τ1Y p(τ1)[A˜(τ1), Y p(τ1)] tr∂τ2Y q(τ2)[A˜(τ2), Y q(τ2)]〉1PI,planar
+
1
2
g2κ2
∫
dτ1dτ2〈tr[Bn, Y p](τ1)[Y n(τ1), Y p(τ1)] tr[Bm, Y q](τ2)[Y m(τ2), Y q(τ2)]〉1PI,planar
+
1
2
g2κ2
∫
dτ1dτ2〈tr[Bn, A˜](τ1)[Y n(τ1), A˜(τ1)] tr[Bm, A˜](τ2)[Y m(τ2), A˜(τ2)]〉1PI,planar
+ig2κ2
∫
dτ1dτ2〈tr∂τ1Y p(τ1)[A˜(τ1), Y p(τ1)] tr[Bm, Y q](τ2)[Y m(τ2), Y q(τ2)]〉1PI,planar
+ig2κ2
∫
dτ1dτ2〈tr∂τ1Y p(τ1)[A˜(τ1), Y p(τ1)] tr[Bm, A˜](τ2)[Y m(τ2), A˜(τ2)]〉1PI,planar
+g2κ2
∫
dτ1dτ2〈tr[Bn, Y p](τ1)[Y n(τ1), Y p(τ1)] tr[Bm, A˜](τ2)[Y m(τ2), A˜(τ2)]〉1PI,planar
−1
2
g2κ2
∫
dτ1dτ2〈tr∂τ1 c¯(τ1)[A˜(τ1), c(τ1)] tr∂τ2 c¯(τ2)[A˜(τ2), c(τ2)]〉1PI,planar
+
1
2
g2κ2
∫
dτ1dτ2〈tr[Bn, c¯](τ1)[Y n(τ1), c(τ1)] tr[Bm, c¯](τ2)[Y m(τ2), c(τ2)]〉1PI,planar
+ig2κ2
∫
dτ1dτ2〈tr∂τ1 c¯(τ1)[A˜(τ1), c(τ1)] tr[Bm, c¯](τ2)[Y m(τ2), c(τ2)]〉1PI,planar
−1
8
g2κ2
∫
dτ1dτ2〈trθα(τ1)[A˜(τ1), θα(τ1)] trθβ(τ2)[A˜(τ2), θβ(τ2)]〉1PI,planar
+
1
8
g2κ2γnαβγ
m
γδ
∫
dτ1dτ2〈trθα(τ1)[Y n(τ1), θβ(τ1)] trθγ(τ2)[Y m(τ2), θδ(τ2)]〉1PI,planar
+
i
4
g2κ2γnβγ
∫
dτ1dτ2〈trθα(τ1)[A˜(τ1), θα(τ1)] trθβ(τ2)[Y n(τ2), θγ(τ2)]〉1PI,planar.
(3.32)
Evaluating these terms is a straightforward but extremely tedious task. After substituting
the explicit forms of the propagators in the proper time representation, we can arrange
the result in the following way:
−Γ˜(2) = g
2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
[
Pq({σ}, {v˜}){−∂σ1∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
+P1({σ}, {v˜}){∂τ1∂τ2∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
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+P2({σ}, {v˜}, {v˜ · r(τ2)}){∂τ1∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
+P3({σ}, {v˜})(rij(τ1) · rij(τ2))∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
+P4({σ}, {v˜}, {v˜ · r(τ1)}, {v˜ · r(τ2)})∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2) ] ,
(3.33)
where P ’s are polynomials with respect to their arguments and {σ}, {v˜}, {v˜ · r(τ)} denote
the dependence collectively
{σ} = {σa | a ∈ {1, 2, 3}} ,
{v˜} = {v˜a | a ∈ {ij, jk, ki}} ,
{v˜ · r(τ)} = {v˜a · rb(τ) | a, b ∈ {ij, jk, ki}} . (3.34)
The Pq term contains the whole of the diagrams (‘∞’-type diagrams) with 4-point vertices.
The appearance of three propagators in it is due to the following transformation:
∫
dτdσ2dσ3
∑
i,j,k
∆jk(σ2, τ, τ)∆ki(σ3, τ, τ)
=
∫
dτ1dτ2dσ2dσ3
∑
i,j,k
δ(τ1 − τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
=
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
{−∂σ1∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2). (3.35)
The other terms represent the contributions of the diagrams (‘φ’-type diagrams) with
two 3-point vertices. The P1 term contains terms with two derivatives operating proper-
time propagators, and the P2 term contains terms with one derivative. The P3 and P4
terms contain terms which do not involve derivatives. Note that we explicitly separated
the terms containing rij(τ1) · rij(τ2) as the P3 term from the rest of the contributions
which we called the P4 term. In deriving the above form, we repeatedly performed partial
integrations with respect to τ1 or τ2, using the relation
rnij(τ) + r
n
jk(τ) + r
n
ki(τ) = 0, (3.36)
and also redefining the integration variables, σ1, σ2, σ3, τ1 and τ2, and indices i, j and k
such as
i→ j, j → k, k → i, σ1 → σ2, σ2 → σ3, σ3 → σ1, (3.37)
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or
i→ j, j → i, σ2 → σ3, σ3 → σ2. (3.38)
We will present the explicit forms of Pq, P1, P2, P3 and P4 and some examples of the
evaluations of contributions from individual terms in (3.32) in Appendix A and B, respec-
tively.
Let us first focus on how Γ˜(2) depends on x
n
i . There are two types of dependence:
1. {x2} ≡ {x2a | a ∈ {ij, jk, ki}},
2. {x · v˜} ≡ {xa · v˜b | a, b ∈ {ij, jk, ki}}.
The dependence of the type {x2} exists only in the form rij(τ1) · rij(τ2) except inside the
proper-time propagators. The derivatives with respect to τ1 or τ2 acting on proper-time
propagators do not induce {x2} dependence as can be seen from the form of the proper-
time propagator (3.20). The terms with lower powers of {v˜} must cancel in order to agree
with the result from the supergravity which shows that the 3-body Lagrangian starts from
the order O(v˜6). However, it may seem that the cancellations cannot be expected before
the proper-time integrations because of the dependence of the type {x2} in rij(τ1) ·rij(τ2).
In fact, however, using the equations
[
∂σ1 − ∂2τ1 + rij(τ1)2
]
∆ij(σ1, τ1, τ2) = 0,[
∂σ1 − ∂2τ2 + rij(τ2)2
]
∆ij(σ1, τ1, τ2) = 0, (3.39)
we can eliminate the factor rij(τ1) · rij(τ2) as
(rij(τ1) · rij(τ2))∆ij(σ1, τ1, τ2)
=
[
rij(τ1) · rij(τ2)− ∂σ1 +
1
2
(∂2τ1 + ∂
2
τ2
)− 1
2
(rij(τ1)
2 + rij(τ2)
2)
]
∆ij(σ1, τ1, τ2)
= −∂σ1∆ij(σ1, τ1, τ2)−
1
2
(rij(τ1)− rij(τ2))2∆ij(σ1, τ1, τ2)
+
1
2
(∂2τ1 + ∂
2
τ2)∆ij(σ1, τ1, τ2). (3.40)
Let us now divide Γ˜(2) into two parts Γ˜V and Γ˜Y which are expected to correspond to
the two contributions of the effective Lagrangian LV and LY of the previous section,
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respectively.
Γ˜(2) = Γ˜V + Γ˜Y , (3.41)
−Γ˜V
=
g2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
[−∂σ1{(Pq + P3)∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)}] ,
(3.42)
and
−Γ˜Y = g
2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
[ P1{∂τ1∂τ2∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
+P2{∂τ1∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
−1
2
P3(rij(τ1)− rij(τ2))2∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
+
1
2
P3{(∂2τ1 + ∂2τ2)∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
+(P4 + ∂σ1P3)∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2) ] .
(3.43)
Since the whole dependence on {x2} in Γ˜V and Γ˜Y is now contained only in the proper-time
propagators, we can expect that the above cancellation could occur before the proper-time
integrations, that is, in the prefactors in front of proper-time propagators. This is indeed
the case.
3.2.1 The calculation of Γ˜V
Let us begin with Γ˜V . It is easily calculated as follows:
Γ˜V = −g
2
κ
∑
i,j,k
∫ ∞
−∞
dτ
∫ ∞
0
dσ2
∫ ∞
0
dσ3 128 sinh
3 σ2v˜jk
2
sinh3
σ3v˜ki
2
×
(
2v˜jk · v˜ki
v˜jkv˜ki
cosh
σ2v˜jk
2
cosh
σ3v˜ki
2
− sinh σ2v˜jk
2
sinh
σ3v˜ki
2
)
×∆jk(σ2, τ, τ)∆ki(σ3, τ, τ)
= −g
2
κ
∑
i,j,k
∫ ∞
0
dσ2
∫ ∞
0
dσ3 128 sinh
3 σ2v˜jk
2
sinh3
σ3v˜ki
2
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×
(
2v˜jk · v˜ki
v˜jkv˜ki
cosh
σ2v˜jk
2
cosh
σ3v˜ki
2
− sinh σ2v˜jk
2
sinh
σ3v˜ki
2
)
×
√
v˜jk
2π sinh(2σ2v˜jk)
√
v˜ki
2π sinh(2σ3v˜ki)
√
π
v˜jk tanh(σ2v˜jk) + v˜ki tanh(σ3v˜ki)
× exp
[
−σ2
(
x2jk −
(xjk · v˜jk)2
v˜2jk
)
− σ3
(
x2ki −
(xki · v˜ki)2
v˜2ki
)
− v˜jk v˜ki tanh(σ2v˜jk) tanh(σ3v˜ki)
v˜jk tanh(σ2v˜jk) + v˜ki tanh(σ3v˜ki)
(
xjk · v˜jk
v˜2jk
− xki · v˜ki
v˜2ki
)2 . (3.44)
There indeed happened nontrivial cancellations in the prefactor in front of the proper-time
propagators and it is of order O(v˜6). The expression for Γ˜V (3.44) is exact and completely
general just as that for Γ˜(1) (3.29). We want to emphasize that this general expression
already shows the characteristic kinematical structure which is consistent with the result
LV of supergravity, and that there arises no infrared divergence in the limit of coincident
D-particles.
The leading contribution of Γ˜V takes the form
Γ˜V leading = −g
2
κ
∑
i,j,k
∫ ∞
−∞
dτ
∫ ∞
0
dσ2
∫ ∞
0
dσ3 4σ
3
2σ
3
3 v˜
2
jkv˜
2
ki(v˜jk · v˜ki)
× 1
4π
√
σ2σ3
exp
[
−σ2(v˜jkτ + xjk)2 − σ3(v˜kiτ + xki)2
]
= −g
2
κ
∑
i,j,k
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∫ ∞
−∞
dτ
v˜2jkv˜
2
ki(v˜jk · v˜ki)
[(v˜jkτ + xjk)2]7/2[(v˜kiτ + xki)2]7/2
, (3.45)
where we used the proper-time representation (3.31).
3.2.2 The calculation of Γ˜Y
We now proceed to Γ˜Y . We can eliminate the time derivatives acting on ∆ij(σ1, τ1, τ2)
using the formulas given in Appendix C. The result is then
−Γ˜Y = g
2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
PY ({s}, {v˜}, {x · v˜}, τ1, τ2)
×∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2), (3.46)
where
PY ({s}, {v˜}, {x · v˜}, τ1, τ2)
24
= P1

− v˜ij
2
Vij(σ1)
Cij(σ1)
+
v˜ij
2
Cij(σ1)
Vij(σ1)
+
(
Vij(σ1)
Cij(σ1)
· rij(τ1) + rij(τ2)
2
)2
−
(
Cij(σ1)
Vij(σ1)
rij(τ1)− rij(τ2)
2
)2
+P2
[
−Vij(σ1)
Cij(σ1)
· rij(τ1) + rij(τ2)
2
− Cij(σ1)
Vij(σ1)
|rij(τ1)− rij(τ2)|
2
]
+P3

−2
(
rij(τ1)− rij(τ2)
2
)2
− v˜ij
2
Vij(σ1)
Cij(σ1)
− v˜ij
2
Cij(σ1)
Vij(σ1)
+
(
Vij(σ1)
Cij(σ1)
· rij(τ1) + rij(τ2)
2
)2
+
(
Cij(σ1)
Vij(σ1)
rij(τ1)− rij(τ2)
2
)2
+P4 + ∂σ1P3. (3.47)
We have made no approximations for Γ˜Y so far and we can carry out the integrations with
respect to τ1 and τ2 as well. Thus, we can in principle evaluate the leading contribution
with respect to {v˜} simply by expanding it to Taylor series. However, the expression
is too complicated to do that in a completely general way. So we content ourselves to
restrict to the cases where {x · v˜} vanish. Since the relative velocities v˜ij are independent
of the relative coordinates xij at initial time τ = 0 , we can arrange, for arbitrary given
configurations of relative velocities, the trajectories of D-particles by making parallel
transport of the positions of each D-particle at time τ = 0 appropriately such that the
conditions are satisfied for three D-particles which participate in the 3-body interaction in
9 transverse dimensions. Then the integrations with respect to τ1 and τ2 are considerably
simplified. Using the formulas in Appendix C, Γ˜Y can be rearranged into the form
−Γ˜Y = g
2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
P˜Y (σ1, σ2, σ3, v˜ij, v˜jk, v˜ki)
×∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2), (3.48)
where
P˜Y (σ1, σ2, σ3, v˜ij, v˜jk, v˜ki) = P1
[
− v˜ij
2
Vij(σ1)
Cij(σ1)
+
v˜ij
2
Cij(σ1)
Vij(σ1)
]
+P3
[
− v˜ij
2
Vij(σ1)
Cij(σ1)
− v˜ij
2
Cij(σ1)
Vij(σ1)
]
+ ∂σ1P3
+
1
2
(
v˜ijVij(σ1)
Cij(σ1)
+
v˜jkVjk(σ2)
Cjk(σ2)
+
v˜kiVki(σ3)
Cki(σ3)
)−1
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
P1
(
v˜ijVij(σ1)
Cij(σ1)
)2
− P2
τ2
v˜ijVij(σ1)
Cij(σ1)
+ P3
(
v˜ijVij(σ1)
Cij(σ1)
)2
+
P4
τ1τ2


+
1
2
(
v˜ijCij(σ1)
Vij(σ1)
+
v˜jkCjk(σ2)
Vjk(σ2)
+
v˜kiCki(σ3)
Vki(σ3)
)−1

−P1
(
v˜ijCij(σ1)
Vij(σ1)
)2
+
P2
τ2
v˜ijCij(σ1)
Vij(σ1)
− 2v˜2ijP3 + P3
(
v˜ijCij(σ1)
Vij(σ1)
)2
− P4
τ1τ2

 .
(3.49)
We expand P˜Y with respect to v˜ij , v˜jk and v˜ki after symmetrization. The result is
‡
P˜Y (σ1, σ2, σ3, v˜ij, v˜jk, v˜ki)sym
=
1
6
[P˜Y (σ1, σ2, σ3, v˜ij , v˜jk, v˜ki) + P˜Y (σ1, σ3, σ2, v˜ij, v˜ki, v˜jk) + P˜Y (σ2, σ1, σ3, v˜jk, v˜ij , v˜ki)
+P˜Y (σ2, σ3, σ1, v˜jk, v˜ki, v˜ij) + P˜Y (σ3, σ1, σ2, v˜ki, v˜ij, v˜jk) + P˜Y (σ3, σ2, σ1, v˜ki, v˜jk, v˜ij)]
= −1
6
(v˜ij + v˜jk + v˜ki)(−v˜ij + v˜jk + v˜ki)(v˜ij − v˜jk + v˜ki)(v˜ij + v˜jk − v˜ki)
×(σ1σ2 + σ2σ3 + σ3σ1)2(σ1v˜2ij + σ2v˜2jk + σ3v˜2ki) +O(v˜8). (3.50)
We again encountered miraculous cancellations here just as in Γ˜V . Then, after integrating
over the times τ1 and τ2, the leading contribution to Γ˜Y is given by
Γ˜Y leading =
g2
κ
∑
i,j,k
∫ ∞
0
dσ1
∫ ∞
0
dσ2
∫ ∞
0
dσ3
1
24
√
π
(v˜ij + v˜jk + v˜ki)
×(−v˜ij + v˜jk + v˜ki)(v˜ij − v˜jk + v˜ki)(v˜ij + v˜jk − v˜ki)
×(σ1σ2 + σ2σ3 + σ3σ1)3/2
√
σ1v˜2ij + σ2v˜
2
jk + σ3v˜
2
ki
× exp(−σ1x2ij − σ2x2jk − σ3x2ki). (3.51)
This formula vanishes whenever any one of the relative velocities vanishes, since the
product
1
16
(v˜ij + v˜jk + v˜ki)(−v˜ij + v˜jk + v˜ki)(v˜ij − v˜jk + v˜ki)(v˜ij + v˜jk − v˜ki)
is just the square of the area, known as Heron’s formula, of the triangle formed by three
relative velocity vectors v˜ij , v˜jk, v˜ki. This is a nontrivial check of our result in conformity
with the BPS property of D-particles and consistent with the structure of the 3-body
Lagrangian of supergravity.
‡We performed this computation with the help of the symbolic computation program Maple V Release
4.
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4. Comparison between supergravity and Matrix theory
We are now ready to compare the results of Matrix theory with the prediction of super-
gravity. To compare the effective action of the Matrix-theory calculations with the result
from supergravity, we have first to take into account the changes of conventions in both
cases, most of which are already explained in the beginning of section 3 (see below (3.7)).
Let us summarize them again here.
First, while we computed the effective action with completely general diagonal back-
grounds, we are actually interested in backgrounds consisting of several blocks propor-
tional to unit matrices of the order Na (a = 1, 2, . . ., N =
∑
aNa). The summations
over U(N) indices automatically take care of this effect and just reduce to the summation
over the block elements. Secondly, since the supergravity calculations are carried out in
Minkowski space-time, we have to transform the Euclidean effective action to Minkowski
signature. Thirdly, we have to rescale the coordinates and velocities:
∑
i
→∑
a
Na, Γ˜→ −iΓ, τ → it, κ→ 1
R
, g →M3R,
x→ gx = M3Rx, v˜ → g(−iv) = M3R(−iv), σ → σ
g2
=
σ
M6R2
. (4.1)
With these replacements, the Matrix-theory results read
Γ(0) =
∫ ∞
−∞
dt
∑
a
1
2
Na
R
v2a (4.2)
Γ(1) leading =
∫ ∞
−∞
dt
∑
a<b
15
16
NaNb
R3M9
v4ab
[(vabt+ xab)2]7/2
, (4.3)
ΓV leading = −
∫ ∞
−∞
dt
∑
a,b,c
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NaNbNc
R5M18
v2bcv
2
ca(vbc · vca)
[(vbct+ xbc)2]7/2[(vcat + xca)2]7/2
, (4.4)
ΓY leading =
∫ ∞
0
dσ1
∫ ∞
0
dσ2
∫ ∞
0
dσ3
∑
a,b,c
1
24
√
π
NaNbNc
R5M18
(vab + vbc + vca)
×(−vab + vbc + vca)(vab − vbc + vca)(vab + vbc − vca)
×(σ1σ2 + σ2σ3 + σ3σ1)3/2
√
σ1v2ab + σ2v
2
bc + σ3v
2
ca
× exp(−σ1x2ab − σ2x2bc − σ3x2ca). (4.5)
Recall that the results Γ(0), Γ(1) leading and ΓV leading are for completely general situations,
while ΓY leading is for the case where {x · v} vanish. Note, however, as already emphasized
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before, that the latter condition can be satisfied for arbitrary configurations of relative
velocities of three D-particles, provided that only the relative coordinates at initial time
are chosen appropriately.
We turn to computations of the phase shift in the eikonal approximation using the
effective Lagrangian obtained in supergravity . As for the 2-body Lagrangian L2 (2.50)
and the LV part (2.53) of the 3-body Lagrangian, it is already evident that they repro-
duce exactly the same phase shifts as those of Matrix theory (4.3) and (4.4), since the
integrands in these expressions are identical with the corresponding effective Lagrangians
of supergravity.
For the LY part, the result in Matrix theory is given in a form where the integration
over time has been performed. Thus the relation with supergravity is not obvious. Let
us therefore explicitly compute the eikonal phase shift from the LY part of the 3-body
Lagrangian. We compute it with the same restriction {x · v} = 0 as we have made for
ΓY in Matrix theory, assuming the straight-line trajectories xa(τ) = xa + vaτ . Then by
a tedious but straightforward calculation, including symmetrization with respect to the
block indices a,b and c, we can arrange the time integral of the Lagrangian LY to the
following form
−
∫ ∞
−∞
dτ
∑
a,b,c
(15)3NaNbNc
96(2π)4
[
−v2bcv2ca(vcb · ∇c)(vca · ∇c)
+
1
2
v4ca(vcb · ∇c)2 +
1
2
v4bc(vca · ∇c)2 −
1
2
v2bav
2
ac(vcb · ∇c)(vbc · ∇b)
+
1
4
v4bc(vba · ∇b)(vca · ∇c)
]
∆(a, b, c)
=
∫ ∞
−∞
dτ
∑
a,b,c
NaNbNc
24π
∫ ∞
0
d3σ (σ1σ2 + σ2σ3 + σ3σ1)
3/2
×(vab + vbc + vca)(−vab + vbc + vca)(vab − vbc + vca)(vab + vbc − vca)
×(σ1v2ab + σ2v2bc + σ3v2ca) exp(−σ1x2ab − σ2x2bc − σ3x2ca). (4.6)
Performing the time integral explicitly gives the following expression for the phase shift:∫ ∞
0
dσ1
∫ ∞
0
dσ2
∫ ∞
0
dσ3
∑
a,b,c
1
24
√
π
NaNbNc
R5M18
(vab + vbc + vca)
×(−vab + vbc + vca)(vab − vbc + vca)(vab + vbc − vca)
×(σ1σ2 + σ2σ3 + σ3σ1)3/2
√
σ1v2ab + σ2v
2
bc + σ3v
2
ca
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× exp(−σ1x2ab − σ2x2bc − σ3x2ca), (4.7)
which precisely coincides with ΓY leading from Matrix theory including the sign and nu-
merical coefficient. Since, in this calculation, all the terms in the left hand side in (4.6)
contribute in a nontrivial way, we are confident that the agreement will extend to the
general case where the technical restriction {x · v} = 0 is not assumed.
It should be emphasized that in both of our supergravity and Matrix theory calcu-
lations, the recoil effect is neglected completely. In order to take into account the recoil
effect, we have to allow non-local (in time) contributions to the effective action in super-
gravity and the 1-particle reducible contributions in the phase shift of Matrix theory. We
hope to report on the recoil effect in a forthcoming work.
5. Concluding Remarks
We have presented a detailed study of the 3-body interaction of D-particles and established
its precise equivalence in Matrix theory and 11 dimensional supergravity. Our results
provide a strong support for the idea [14] that the Matrix theory is a formulation of
M-theory in the discrete light-cone quantization. As emphasized in the Introduction, we
also view our results as evidence for Lorentz invariance of Matrix theory. In a sense,
what we have done in the present paper may be regarded as a Matrix-theory analogue
to the old works [15][16] in which the non-linear graviton behavior in string theory was
first established. In the case of the usual string theory, the formalism is Lorentz invariant
from the beginning and hence the emergence of Einstein gravity is ensured by checking
the non-linear effect to the first nontrivial order, owing to the general theorem (see, e. g.
[17]) showing the uniqueness of the Einstein equation. Because of this, we could be fairly
confident in that the string theory describes gravity in a consistent way in the long-distance
limit. In the case of Matrix theory, unfortunately, Lorentz invariant formulation still
remains as a big mystery. Perhaps one of the most crucial issue in the connection of Matrix
theory and supergravity is to establish a more systematic way of making correspondence
between supergravity and Matrix theory. Technically, for example, it may be possible to
relate both theories order by order at the level of Feynman rules. There should be some
correspondence principle which ensures that the long-distance property of Matrix theory
29
is reproduced by supergravity.
Finally, in view of the recent discovery [18] of the conformal symmetry associated with
the space-time uncertainty relation for D-particles [19], it is interesting to see whether
there exists a generalization of the conformal symmetry for our effective action for many
D-particle systems. Such a symmetry, if it exists, combined with the supersymmetry
is expected to determine the form of the effective action to all orders in the velocity
expansion in the classical limit. A related problem is the supersymmetric generalization
of our effective action to include the spin degrees of freedom.
Note added
After the completion of the present work, in the course of preparing the manuscript,
two papers [20][21] discussing the same subject appeared in hep-th archive. However, both
of them reported only the considerations of particular subsets of the relevant contributions
and hence remain inconclusive as to the agreement between supergravity and Matrix
theory. We believe that the present work gives a final resolution on the issue.
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Appendix
A Explicit forms of Pq, P1, P2, P3 and P4
We here present the explicit forms of Pq, P1, P2, P3 and P4.
Pq = −45− 18Vjk(σ2)2 − 18Vki(σ3)2 + 12Cjk(σ2)Cki(σ3)(Vjk(σ2) · Vki(σ3))
−6Vjk(σ2)2Vki(σ3)2 + 2(Vjk(σ2) · Vki(σ3))2, (A.1)
P1 = −(1 + 2Vij(σ1)2){4 + Vjk(σ2)2 + Vki(σ3)2 + 2(Vjk(σ2) · Vki(σ3))2}
+(1 + 2Vjk(σ2)
2)
{
17
2
+ 2Vij(σ1)
2 + 2Vki(σ3)
2 + 4(Vij(σ1) · Vki(σ3))2
}
+(1 + 2Vki(σ3)
2)
{
17
2
+ 2Vij(σ1)
2 + 2Vjk(σ2)
2 + 4(Vij(σ1) · Vjk(σ2))2
}
−10Cjk(σ2)Cki(σ3){Vjk(σ2) · Vki(σ3) + 2(Vij(σ1) · Vjk(σ2))(Vij(σ1) · Vki(σ3))}
+2Cij(σ1)Cjk(σ2){Vij(σ1) · Vjk(σ2) + 2(Vij(σ1) · Vki(σ3))(Vjk(σ2) · Vki(σ3))}
+2Cij(σ1)Cki(σ3){Vij(σ1) · Vki(σ3) + 2(Vij(σ1) · Vjk(σ2))(Vjk(σ2) · Vki(σ3))}
+16{−2Cjk(σ2)Cki(σ3)− 2Vjk(σ2) · Vki(σ3)− Vij(σ1)2(Vjk(σ2) · Vki(σ3))
+(Vij(σ1) · Vjk(σ2))(Vij(σ1) · Vki(σ3))
+2Cij(σ1)Cki(σ3) + 2Vij(σ1) · Vki(σ3) + Vjk(σ2)2(Vij(σ1) · Vki(σ3))
−(Vij(σ1) · Vjk(σ2))(Vjk(σ2) · Vki(σ3))
+2Cij(σ1)Cjk(σ2) + 2Vij(σ1) · Vjk(σ2) + Vki(σ3)2(Vij(σ1) · Vjk(σ2))
−(Vij(σ1) · Vki(σ3))(Vjk(σ2) · Vki(σ3))}, (A.2)
P2 = −4Cij(σ1)(Vij(σ1) · rij(τ2))
×{4 + Vjk(σ2)2 + Vki(σ3)2 + 2(Vjk(σ2) · Vki(σ3))2
−2Cjk(σ2)Cki(σ3)(Vjk(σ2) · Vki(σ3))}
+4Cjk(σ2)(Vjk(σ2) · rij(τ2))
×
{
17
2
+ 2Vij(σ1)
2 + 2Vki(σ3)
2 + 4(Vij(σ1) · Vki(σ3))2
−4Cij(σ1)Cki(σ3)(Vij(σ1) · Vki(σ3))}
+4Cki(σ3)(Vki(σ3) · rij(τ2))
31
×
{
17
2
+ 2Vij(σ1)
2 + 2Vjk(σ2)
2 + 4(Vij(σ1) · Vjk(σ2))2
−4Cij(σ1)Cjk(σ2)(Vij(σ1) · Vjk(σ2))}
+4Cjk(σ2)Vjk(σ2) · (rjk(τ2)− rij(τ2)) + 4Cki(σ3)Vki(σ3) · (rjk(τ2)− rki(τ2))
+4{Cij(σ1)− 2Cjk(σ2)(Cij(σ1)Cjk(σ2)− Vij(σ1) · Vjk(σ2))}Vij(σ1) · (rjk(τ2)− rij(τ2))
+4{Cjk(σ2)− 2Cki(σ3)(Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3))}Vjk(σ2) · (rjk(τ2)− rki(τ2))
+8{Cjk(σ2)(Vjk(σ2) · Vki(σ3)) + Cij(σ1)(Vij(σ1) · Vki(σ3))
−2Cjk(σ2)(Vij(σ1) · Vki(σ3))(Cij(σ1)Cjk(σ2)− Vij(σ1) · Vjk(σ2))}
×Vki(σ3) · (rjk(τ2)− rij(τ2))
+8{Cki(σ3)(Vij(σ1) · Vki(σ3)) + Cjk(σ2)(Vij(σ1) · Vjk(σ2))
−2Cki(σ3)(Vij(σ1) · Vjk(σ2))(Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3))}
×Vij(σ1) · (rjk(τ2)− rki(τ2))
+64{−2Cij(σ1)(Vjk(σ2) · rjk(τ2))− Cjk(σ2)(Vij(σ1) · rjk(τ2))
−Cki(σ3)(Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3))(Vij(σ1) · rjk(τ2))
+Cjk(σ2)(Vij(σ1) · Vki(σ3))(Vki(σ3) · rjk(τ2))
−Cki(σ3)(Vij(σ1) · Vjk(σ2))(Vki(σ3) · rjk(τ2))}, (A.3)
P3 = 7− 2(Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3))2
+4(Cij(σ1)Cjk(σ2)− Vij(σ1) · Vjk(σ2))2 + 4(Cij(σ1)Cki(σ3)− Vij(σ1) · Vki(σ3))2
+16{−(Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3))
−(Cij(σ1)Cjk(σ2)− Vij(σ1) · Vjk(σ2))(Cij(σ1)Cki(σ3)− Vij(σ1) · Vki(σ3))
+(Cij(σ1)Cjk(σ2)− Vij(σ1) · Vjk(σ2))
+(Cij(σ1)Cki(σ3)− Vij(σ1) · Vki(σ3))(Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3))
+(Cij(σ1)Cki(σ3)− Vij(σ1) · Vki(σ3))
+(Cij(σ1)Cjk(σ2)− Vij(σ1) · Vjk(σ2))(Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3))}, (A.4)
P4 = −4(Vij(σ1) · rij(τ1))(Vij(σ1) · rij(τ2)){2 + (Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3))2}
+8(Vjk(σ2) · rij(τ1))(Vjk(σ2) · rij(τ2)){1 + (Cij(σ1)Cki(σ3)− Vij(σ1) · Vki(σ3))2}
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+8(Vki(σ3) · rij(τ1))(Vki(σ3) · rij(τ2)){1 + (Cij(σ1)Cjk(σ2)− Vij(σ1) · Vjk(σ2))2}
+4(Vij(σ1) · Vki(σ3)){Vij(σ1) · (rij(τ1)− rki(τ1))}{Vki(σ3) · (rjk(τ2)− rij(τ2))}
+4(Vij(σ1) · Vjk(σ2)− 2Cij(σ1)Cjk(σ2))
×{Vjk(σ2) · (rij(τ1)− rki(τ1))}{Vij(σ1) · (rjk(τ2)− rij(τ2))}
+4{−Cjk(σ2)Cki(σ3) + Vjk(σ2) · Vki(σ3) + 2Cij(σ1)2Cjk(σ2)Cki(σ3)
+2(Vij(σ1) · Vjk(σ2))(Vij(σ1) · Vki(σ3))− 4Cij(σ1)Cjk(σ2)(Vij(σ1) · Vki(σ3))}
×{Vjk(σ2) · (rij(τ1)− rki(τ1))}{Vki(σ3) · (rjk(τ2)− rij(τ2))}
+32{−2(Vjk(σ2) · rjk(τ1))(Vki(σ3) · rki(τ2))− (Vki(σ3) · rjk(τ1))(Vjk(σ2) · rki(τ2))
+(Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3))(Vij(σ1) · rjk(τ1))(Vij(σ1) · rki(τ2))
−(Cij(σ1)Cjk(σ2)− Vij(σ1) · Vjk(σ2))(Vki(σ3) · rjk(τ1))(Vij(σ1) · rki(τ2))
−(Cij(σ1)Cki(σ3)− Vij(σ1) · Vki(σ3))(Vij(σ1) · rjk(τ1))(Vjk(σ2) · rki(τ2))}. (A.5)
B Examples of evaluations of P’s
In this appendix, we present some examples of evaluations of Γ˜(2) from individual terms
in (3.32). For each example below, we first write down the whole expression of the one-
particle irreducible, planar contractions, and then present the final form which fits into
the form (3.33).
The first two terms in (3.32) involve the quartic vertices and contribute to Pq.
1
4
g2κ
∫
dτ〈tr[Y n(τ), Y m(τ)][Y n(τ), Y m(τ)]〉1PI,planar
=
1
2
g2κ
∫
dτ
∑
i,j,k
(〈Y nij (τ)Y mji (τ)〉0 〈Y nik(τ)Y mki (τ)〉0 − 〈Y nij (τ)Y nji(τ)〉0 〈Y mik (τ)Y mki (τ)〉0 )
=
g2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
{−36− 8Vjk(σ2)2 − 8Vki(σ3)2 − 2Vjk(σ2)2Vki(σ3)2
+2(Vjk(σ2) · Vki(σ3))2}{−∂σ1∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2), (B.1)
1
2
g2κ
∫
dτ〈tr[A˜(τ), Y m(τ)][A˜(τ), Y m(τ)]〉1PI,planar
= g2κ
∫
dτ
∑
i,j,k
(〈A˜ij(τ)Y mji (τ)〉0 〈A˜ik(τ)Y mki (τ)〉0 − 〈A˜ij(τ)A˜ji(τ)〉0 〈Y mik (τ)Y mki (τ)〉0
+〈A˜ij(τ)Y mji (τ)〉0 〈Y mjk (τ)A˜kj(τ)〉0 − 〈A˜ij(τ)Y mji (τ)〉0 〈A˜jk(τ)Y mkj (τ)〉0 )
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=
g2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
{−9− 10Vjk(σ2)2 − 10Vki(σ3)2
+12Cjk(σ2)Cki(σ3)(Vjk(σ2) · Vki(σ3))− 4Vjk(σ2)2Vki(σ3)2}
×{−∂σ1∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2). (B.2)
There are three terms which contain ghost fields. One of them involves two derivatives,
thus contributes to the P1 term:
−1
2
g2κ2
∫
dτ1dτ2〈tr∂τ1 c¯(τ1)[A˜(τ1), c(τ1)] tr∂τ2 c¯(τ2)[A˜(τ2), c(τ2)]〉1PI,planar
= −1
2
g2κ2
∫
dτ1dτ2
∑
i,j,k
(〈A˜ij(τ1)A˜ji(τ2)〉0 〈cjk(τ1)∂τ2 c¯kj(τ2)〉0 〈∂τ1 c¯ki(τ1)cik(τ2)〉0
+〈A˜ij(τ1)A˜ji(τ2)〉0 〈∂τ1 c¯jk(τ1)ckj(τ2)〉0 〈cki(τ1)∂τ2 c¯ik(τ2)〉0 )
=
g2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
(
−1
2
+ Vij(σ1)
2 − Vjk(σ2)2 − Vki(σ3)2
)
×{∂τ1∂τ2∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2). (B.3)
The term below has one derivative and contribute to P2.
ig2κ2
∫
dτ1dτ2〈tr∂τ1 c¯(τ1)[A˜(τ1), c(τ1)] tr[Bm, c¯](τ2)[Y m(τ2), c(τ2)]〉1PI,planar
= ig2κ2
∫
dτ1dτ2
∑
i,j,k
(〈A˜ij(τ1)Y mji (τ2)〉0 〈cjk(τ1)[Bm, c¯]kj(τ2)〉0 〈∂τ1 c¯ki(τ1)cik(τ2)〉0
+〈A˜ij(τ1)Y mji (τ2)〉0 〈∂τ1 c¯jk(τ1)ckj(τ2)〉0 〈cki(τ1)[Bm, c¯]ik(τ2)〉0 )
=
g2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
{2Cij(σ1)(Vij(σ1) · rij(τ2))
−2Cjk(σ2)(Vjk(σ2) · rij(τ2))− 2Cki(σ3)(Vki(σ3) · rij(τ2))}
×{∂τ1∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2). (B.4)
The last one involves no derivatives and contributes to both P3 and P4.
1
2
g2κ2
∫
dτ1dτ2〈tr[Bn, c¯](τ1)[Y n(τ1), c(τ1)] tr[Bm, c¯](τ2)[Y m(τ2), c(τ2)]〉1PI,planar
=
1
2
g2κ2
∫
dτ1dτ2
∑
i,j,k
(〈Y nij (τ1)Y mji (τ2)〉0 〈cjk(τ1)[Bm, c¯]kj(τ2)〉0 〈[Bn, c¯]ki(τ1)cik(τ2)〉0
+〈Y nij (τ1)Y mji (τ2)〉0 〈[Bn, c¯]jk(τ1)ckj(τ2)〉0 〈cki(τ1)[Bm, c¯]ik(τ2)〉0 )
=
g2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
{ − 1
2
(rij(τ1) · rij(τ2)) + (Vij(σ1) · rij(τ1))(Vij(σ1) · rij(τ2))
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−(Vjk(σ2) · rij(τ1))(Vjk(σ2) · rij(τ2))− (Vki(σ3) · rij(τ1))(Vki(σ3) · rij(τ2)) }
×∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2). (B.5)
There are six terms which consist only of A˜ and Y n. Each of these terms has twelve
ways of one-particle irreducible, planar contractions and is much more complicated than
the ghost terms. However, they can be arranged into the form (3.33) by similar transfor-
mations.
The final example is the terms with fermion fields. The three terms with fermion fields
give contributions to P1, P2, P3, and P4.
−1
8
g2κ2
∫
dτ1dτ2〈trθα(τ1)[A˜(τ1), θα(τ1)] trθβ(τ2)[A˜(τ2), θβ(τ2)]〉1PI,planar
= −1
2
g2κ2
∫
dτ1dτ2
∑
i,j,k
〈A˜ij(τ1)A˜ji(τ2)〉0 〈θαjk(τ1)θβkj(τ2)〉0 〈θαki(τ1)θβik(τ2)〉0
=
g2
κ
∫
dτ1dτ2dσ1dσ2dσ3
∑
i,j,k
[ 4{Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3)
+2Vij(σ1)
2Cjk(σ2)Cki(σ3)− 2Vij(σ1)2(Vjk(σ2) · Vki(σ3))
−Cij(σ1)Cki(σ3) + Vij(σ1) · Vki(σ3)
−2Vjk(σ2)2Cij(σ1)Cki(σ3) + 2Vjk(σ2)2(Vij(σ1) · Vki(σ3))
−Cij(σ1)Cjk(σ2) + Vij(σ1) · Vjk(σ2)
−2Vki(σ3)2Cij(σ1)Cjk(σ2) + 2Vki(σ3)2(Vij(σ1) · Vjk(σ2))}
×{∂τ1∂τ2∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
+16{Cij(σ1)(Vjk(σ2) · rjk(τ2))− Cjk(σ2)(Vij(σ1) · rjk(τ2))
+2Cij(σ1)Vki(σ3)
2(Vjk(σ2) · rjk(τ2))− 2Cjk(σ2)Vki(σ3)2(Vij(σ1) · rjk(τ2))}
×{∂τ1∆ij(σ1, τ1, τ2)}∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
+4{−Cjk(σ2)Cki(σ3)− Vjk(σ2) · Vki(σ3)
−2Vij(σ1)2Cjk(σ2)Cki(σ3)− 2Vij(σ1)2(Vjk(σ2) · Vki(σ3))
+Cij(σ1)Cki(σ3) + Vij(σ1) · Vki(σ3)
+2Vjk(σ2)
2Cij(σ1)Cki(σ3) + 2Vjk(σ2)
2(Vij(σ1) · Vki(σ3))
+Cij(σ1)Cjk(σ2) + Vij(σ1) · Vjk(σ2)
+2Vki(σ3)
2Cij(σ1)Cjk(σ2) + 2Vki(σ3)
2(Vij(σ1) · Vjk(σ2))}
35
×(rij(τ1) · rij(τ2))∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
+8{(Vjk(σ2) · rjk(τ1))(Vki(σ3) · rki(τ2)) + (Vki(σ3) · rjk(τ1))(Vjk(σ2) · rki(τ2))
+2Vij(σ1)
2(Vjk(σ2) · rjk(τ1))(Vki(σ3) · rki(τ2))
+2Vij(σ1)
2(Vki(σ3) · rjk(τ1))(Vjk(σ2) · rki(τ2))}
×∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2) ] . (B.6)
C Formulas in calculating Γ˜Y
Here we supplement the derivation of Γ˜Y by providing some formulas. From the explicit
form of the proper-time propagator (3.20), we have
∂τ1∆ij(σ1, τ1, τ2)
=
[
−Vij(σ1)
Cij(σ1)
· rij(τ1) + rij(τ2)
2
− Cij(σ1)
Vij(σ1)
|rij(τ1)− rij(τ2)|
2
]
∆ij(σ1, τ1, τ2),
∂τ1∂τ2∆ij(σ1, τ1, τ2)
=

− v˜ij
2
Vij(σ1)
Cij(σ1)
+
v˜ij
2
Cij(σ1)
Vij(σ1)
+
(
Vij(σ1)
Cij(σ1)
· rij(τ1) + rij(τ2)
2
)2
−
(
Cij(σ1)
Vij(σ1)
rij(τ1)− rij(τ2)
2
)2∆ij(σ1, τ1, τ2),
1
2
(∂2τ1 + ∂
2
τ2
)∆ij(σ1, τ1, τ2)
=

− v˜ij
2
Vij(σ1)
Cij(σ1)
− v˜ij
2
Cij(σ1)
Vij(σ1)
+
(
Vij(σ1)
Cij(σ1)
· rij(τ1) + rij(τ2)
2
)2
+
(
Cij(σ1)
Vij(σ1)
rij(τ1)− rij(τ2)
2
)2∆ij(σ1, τ1, τ2). (C.1)
In general, PY (3.47) has complicated dependence on τ1 and τ2. The dependence on {x · v˜}
in proper-time propagators further complicates them. When we restrict to the case where
{x · v˜} vanish, however, all we need is to notice the following equalities:
∫
dτ1dτ2
(
τ1 + τ2
2
)2
∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
=
∫
dτ1dτ2
1
2
(
v˜ijVij(σ1)
Cij(σ1)
+
v˜jkVjk(σ2)
Cjk(σ2)
+
v˜kiVki(σ3)
Cki(σ3)
)−1
×∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2),
36
∫
dτ1dτ2
(
τ1 − τ2
2
)2
∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2)
=
∫
dτ1dτ2
1
2
(
v˜ijCij(σ1)
Vij(σ1)
+
v˜jkCjk(σ2)
Vjk(σ2)
+
v˜kiCki(σ3)
Vki(σ3)
)−1
×∆ij(σ1, τ1, τ2)∆jk(σ2, τ1, τ2)∆ki(σ3, τ1, τ2). (C.2)
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